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SUPERSONICLEADINGEDGES

BySidneyM.HarmonandJohnC.Martin

SUMMARY

Theoreticalresultsareobtained,bymeansofthelinearizedtheory, ,
forthelateralforceandyawingmomentduetocmbtiedangleofattack
androll.Thethinwingsconsideredaretaperedandhaveleadingand
trailingedgeswhichareeachsweptata constantangle;thetipsare
paralleltothecentersection.Furtherrestrictionsarethattheleading
edgesaresupersonic(thevelocitycomponentnormaltotheleadingedgeis
supersonic)andtheMachlinesfromeithertipdonotintersectthereqote
tip.Thetrailingedgesmaybeeithersupersonicorsubsonicprovided
thatthetaperratioisequaltoorlessthanone.

Designcurvesarepresentedwhichpermitrapidesthationofthetwo
stabilityderivatives,rateofchangeoflateralforceandyawingmoment
withrollCyp and ~p, respectively,forgivenvaluesofaspectratio,
taperratio,Machnumber,andleading-edgesweep.Thesedesi~curves
aregivennlativetothebodysxeswiththeoriginlocatedatthepro-
jectionoftheleadingedgeofthetipsectiononthecentersection.
Theconversiontostabilityaxeswithmomentsaboutanarbitrary.axiscan
b,eacccmrplished~ useofa simpleformulagivenherein.

INTRODUCTION.

Oneoftheimportantderivativesrequiredinthepredictionofthe
lateralstabilityofairplanesistherateofchangeofyawingmoment
withroll.Theoreticalresultsforthisderivative%P andalsofor
thederivativeexpressingtherateofchangeoflateralforcewith
rollCyp atsupersonicspeedshavebeenreportedina nuniberofpapers
forthinwingshavingparticularplanforms.Thesepapersinclude

.
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2 NACATN2156

references1 and2 fortriangularplanforms,reference3 forrectangular
wings,reference4 forwingsofzerotaperratiohavingsweptback,sub-
sonicleadingedges,andreferenceS forsweptbacktaperedwingswith
streamwisetipsandsubsonicleadingedges(thecmponentofvelocity
normaltotheleadingedgeissubsonic).

Inthepresentpaper,thelinearizedtheoryisusedtoobtainthe
derivativesCnp and CYP forthinwingsatsupersonicspeeds.The
wingsconsideredhaveconventionaltaperratios,theleadingandtrailing
edgesareeachsweptata constantangle,andthetipsareparallelto
thecentersection.Theresultsarevalidonlyfora rangeofsuper-
sonicspeedsforwhichtheleadhgedgeissupersonic(thecomponentof
velocitynormaltotheedgeissupersonic).Thetrailingedgesmaybe
eithersupersonicorsubsonicprovidedthatsubsonicedgesdonotaffect
thetipedges.A furtherrestrictionisthattheMachlinesfromeither
tipdonoti+tersecttheremotetip.

SYMBOLS ?

x,y

Vn

v

P

P

a

M

a

A

m= cotA

ml =BcotA

,

rectangularcoordinates(figs.1 and2(a))

inducedflowvelocitysllongY-axis

undisturbedflightvelocity

angularvelocityabouttheX-axis

densityofair

speedofsound

stream~chnumber(V/a)

Machangle(sin_l*)

wingangleofattackinsteadyflight,

sweepbackangleofwingleadingedge

radians

●

I
I

.. . .. . ....— ——— ---
. ,.



NACAm?ZL56

@

A

b

s

Sn

A

xcg

F

G

Cz=

Cy=

Cn=

3

disturbance-velocitypotentialonuppersurface
ofairfoil

ratiooftipchordtorootchord(taperratio)

wingspan

totalwingarea

distancetotip

aspectratio

edge

distancefromyingapextocenterofgravityin
rootchordsmeasuredpositivelyasindicated
infigure2(b)

inducedsuctionforceonwingtipperunitlength
oftip

functionof x given~equation(1)

Rollingmoment

: V2Sb

Lateral.force

g v%

Yawingmoment
$ V2Sb

()?)Cnc%=~’
2Vpb

~ +0

(%)
c

()

~Cn
1=— *

2Vpb
fi+o

withrespecttobodyaxeswithoriginlocated
‘Cg rootchordsfromleadingedgeofcenter
section

withrespecttobodyaxeswithoriginlocated
atprojectionofleadingedgeoftipsectionon
centersection(fig.2(a))
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()acnfJt=—
% a

withrespecttostabilityaxeswithoriginlocated
~g rootchordsfromleadingedgeofcentp .

2V*+0 section “
.

()a% .
cy=— withrespecttobodyaxes
P &

2vpb
~+o

subscripts:

TE

a,p

referstowingtraClingedge

contributionscausedbyangleofattackand
rollingmotions,respectively

.

ANALYSIS

Scope

.

.

Thewingconfigurationsconsideredintheanalysisareshownin
figure1. Thesewingshavestresmwisetipsandsweptbackleadingedges,

‘ althoughthetrailingedgesmaybeeithersweptbackorswefiforward.
Theresultsarevalidonlyfora rangeofsupersonicspeedsforwhich
theleadingedgeissupersonic.Thetrtiingedgemaybeeithersub-
sonicorsupersonicprovidedthatthetaperratioisequaltoorless
thanone.ForsubsonictrailingedgestheKuttaconditionisassumed
tobesatisfiedalongthetrailingedges.A furtherrestrictionon
thesewingsisthattheMachlinesfrcmeithertipdonotintersectthe
remotetip.Theanslysisisbaseduponlinearizedtheory;therefore,
theresultsaresubjecttotherestrictionsofthistheory.

Thederivationofthestabilityderivativesismadeinitiallywith
referencetothebodyaxeswhicharefixedinthewingwiththeorigin
locatedattheprojectionoftheleadingedgeofthetiponthecenter
section(fig.2(a)).Thetransformationofthesta&lityderivatives
toa systemofstabilityaxes(fig.2(b))isdiscussedinthesection
entitled“DerivationofFormulas.”

.

●
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BasicConsiderations

Thestabilityderivativesaredetermined-fromintegrationsofthe
forcesandmmuentsoverthewing.Ifskinfrictionisneglected,these
forcesandmmentsarisefrcmpressuresonthewingsurfacesandfrom
suctionforcesalongtheedgesofthewing.A Mf’tingwingwithstream-
wisetipsorsubsonicleadingedgeswill.inducesuctionforcesalongthe
subsonicleadingedgesandalongthestreamwisetips.Theseforcesarise “
becauseoftheflowfromthebottomtothetopsurfaces.Thisanalysis
isconcernedonlywiththederivativesCYP ad Cn. Forthesederiva-P
tiveswithrespecttothebodyaxes,thelateralforcesandyawingmoments

s

areproducedonlybysuctionforcesalongtheedgesofthewing.Since
inthisanalysistheleadingedgesaresupersonic,nosuctionforcesare
inducedalongtheseedges;thus,thedeterminationofthederivativesCyp
@ Cnp inthecasesconsideredhasinvolvedonlytheevaluationof
unbalancedsuctionforcesalongthewingtips.TheKuttaconditionis
assumedtobesatisfiedalongthesubsonictrailingedges.

Thesuctionforcesalonganedgeofinfi~tesimallysmallthiclmess
canbeevaluatedtheoreticallybya methodsuggestedinreference6 for
incapressibleflowandmodifiedforcompressibilityeffectsinrefer-
ence‘7.Ifthismethodisused,thesuctionforcevariesasthesquare
oftheinducedflowvelocityaroundtheedge.Ingeneral,inthelinear-
izedtheorytheinducedvelocityvariesdirectlyasthemagnitudeofa
givenmotion.Thusforconstantangleofattack,theinducedvelocity
aroundtheedgeisproportionalto a;andina rollingmotion,the
inducedvelocity.isproportionalto p. Forconstantangleofattack
andconstantrateofroll,thesuctionforcesvary-asthesquaresof a
and p,respectively.Theseforcesareintheoppositedirectionand
ofthesamemagnitude;thusnolateralforceoryawingmomentisdevel-
oped.Forcombinedangleofattackandroll,unbalancedsuctionforces
occurthatvaryasthecrossproductof a ~d p;consequently,these
forcesortheassociatedstabilityderivativescannotbe obtained~
superposingseparatelythecomponentsduetoeachmotion.Thepresent
@sis t~es~to acco~tthisgeneralconditionofsimultaneous
rollingandverticalmotions.

DerivationofFormulas

Accordingtothemethodsofreferences6 and73theinducedsurface
velocitynormaltothewingtipisexpressedas

(1)

.- ..—. ,.-. —— — — ..— .._. _. —... _______
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whereG isa functionof x onlyand sn isthedistancetothetip
edge.Thenthesuctionforceperunitlengthoftipis

F= npG2 (2)

forstreamwisetips.

Theinducedsurfacevelocitynomaltothetipsofa wingsimul-
taneouslyinrollandata givenangleofattacka

(Vd.+p.(:): (’.)

wherethequantitiesareevaluatedinthehnediate
tip,thatisfor Sn+o. Thepotentialfunctions
inequation(3)wereobtainedfromtableI (regions

isgivenby

(3)

vicinityofthewing
$= and ~ foruse
3 and~)ofrefer-

ence’8.Byutilizingtheseexpressionsforthepotentialf~ctionsand
w substitutingfor Vn inequation(l),thefunctionG isdetermined.
Thesuctionforceper=t le~thalongthewingtip F isthenobtained
fromequation(2).

Iftheoriginofthebodyaxesistakenattheprojectionofthe
leadingedgeofthetiponthecentersection(fig.2(a)),thenon-
Wnensionslformsoftheexpressionsforthederivativesareasfollows:

‘4~Fdx
Cyp= ~Tip

pVSbp

4
J

Fxdx

(%)
c Tip.=—

1 pVSb2p

(4)

.

(5)

wheretheintegralsareevaluatedslongbothwingtips.

FormilasforthederivativesCyp and ~p ~ aregiveninthe
()

appendix.Theseformulasareforthetwodifferentplan-formconfigura-
tionswhichoccur,thatis,forthecaseswheretheforemostMachline

,

.

.
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fromthecentersectioncutsthewingtrailingedgeorthetip. (See
fig.3.)

Thederivative
()%
p ~ isrea~y transformedtoa systemofbody

axeswithitsoriginatanarbitr~pointalongthecentersection.
Thus,iftheoriginoftheaxesislocated~g rootchordsfromthe
leadingedgeofthecentersection,

Cnp= ~np)~+

thefollowingequationresults

[g

2XC

A(l+X)

Thenondimensionalstabilityderivatives

werederivedwithreferencetobodyaxeswith
theprojectionoftheleadingedgeof”thetip

1-~Cyp (6)

1

(%)Cyp and C
1’

which

theoriginlocatedat
onthecentersection

(fig,2(a)),maybetransformedtoapplytostabilityaxmwiththe
originatanarbitrarypointalongthecentersection.(Seefig.2(b).)

Thetransformationformulasforconversionfrombodyaxestosta-
bilityaxesaregiveninreference9 andalsointableIIofreference3
wheretermsoftheorderof a2 areomitted.A considerationofthese
formulasandthederivativesinvolvedthereinshowsthat,totheftist
orderin a,theconversionformulasfrombodyaxesto’stabilityaxes
are

cyp~= Cyp (7)

wheretheprimesrefertothestabilityaxeswiththeoriginlocated
alongthecentersectionatanarbitrarydistance~g rootchordsfra
theleadingedge.

ThederivativeC~ whichappearsin equation(8), if obtainedto
theftistorderin a,hasthesamevalueeitherwithrespecttobody
axesorwithrespecttostabilityaxes.V~uesfor Clp forusein
equation(8)maybeobtainedfromreference8 forallthewingconfigu-
rationsconsideredinthispaper,exceptfora specialcase.This
specialcaseoccursM theMachlinefromtheleadingedgeofa tip
sectionintersectstheremotehalf-wingcoincidentallyastheMachline
fromtheleadingedgeofthecentersectionintersectsthetipsection.
(Seefig.l(b).)
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.

Theresultsofthecalculationsarepresentedin-figures4 andj in

( L/
theformCyp/CLand C% BCLplottedagatistB cotA forvarious
valuesof BA”and X. ThederivativesCYP and (Cnp)lwerec~puted
fromequations(Al)and(AS)andfromequations(A2)and(A6),respectively.

Ifinfigures4 and5 theMachn~er and B ae constant,thedata
inthesefiguresindicatedirectlythevariations,respectively,ofthe
derivativesCYP and ()Gp 1 withtheangleofsweepoftheleading

.,
edge,aspectratio,andtaperratio.With B heldconstant,thedatain
figures4 and$indicatethatastheleading-edgesweepangleisincreased
(decreasingvaluesof ~ cotA) Cyp increasespositivelyand (Cnp)l

increasesnegatively.Thedatainfigures4 andS alsoindicatethat,
with B, k,and A constant,

()CYP -. Cnp1 increaseinmagnitude
withdecreasingaspectratioand,with B, A,andA constant,cY~

()
.

and %p ~ increaseinmagnitudewithincreasingtaperratio.

Figure6 presentssomeillustrativeresultsforthederivativeCnmi
withrespecttothestabilityaxes.Thesedataillustratethevariatio~s
in CnD1withMachnumber,aspectratio,sweepback,andtaperratio. .,
Forth&e illustrativeresultstheoriginofthestabilityaxesis
assum=dtobeattheleadingedgeofthecentersection~~g = Ojo
Sincetheoriginisattheleadingedgeofthecentersectio~,thesweep
effectshownisconsiderablygreaterthsnwouldprobablybeencountered
inanactuslairplanedesignwherethelongitudinallocation@ the
centerofgravitywouldprobablybenetithewingcenterofpressure.
Theeffecton Cnpt ofshiftingtheoriginofthestabilitysxesisnot
showninfigure6-butisreadilyobtainedfromanexaminationofequa-
tion(8). Fromequation(8)titing theoriginofthestabilityaxes
rearward(increasing~~ isnotedtoresultina changeintheyawing-,
momentcoefficienteqti-to

3i@d.’
A(l+X)

Thus,forthe
contributesa
figure6 were

usualcaseinwhichCyp ispositive,anincreasein kg
positiveincrementto ~p. Thedatafor Cnpl givenin
computedfrcmequation(8)3inwhichthevaluesfor cYp

. . .—- -- - - - - -- - --- .—-— ---— . .
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and
(h%p

wereobtainedfromfigures4 and
valuesfor CZp wereobtainedfrm-figure10

Theresultsofthe.presentinvestigation

~,respectively,andthe
ofreference8.

havebeenderivedonthe
as~umptionsofzerothic-kessandsmalldisturbances.Theoretically,
infinitelateralperturbationvelocitiesareinducedalongthetips.
Thesevelocitiescauseinfiniteperturbationpressureswhich,whenacting
onanedgeofzerothickness,yielda finitesuctionforce.Inthe
actualflow,however,theinfinitepressuressreneverrealized;butthe
dropinpressuretendstobecompensatedbytheincreasedforcewhich
resultsfromthefinitethicknessoftheactuslsideedge(wingtip).
Thesepointsarediscussedinslightlymoredetailinreference2.

CONCLUDINGREMARKS .-

Generalexpressionshavebeenobtained~means ofthelinearized
thebryforthelateralforceandyawingmomentduetorolltigforswept-
backtaperedwingswithstreamwisetipsandsupersonicleadingedges. ~
ThetraiLhgedgesaresweptandmaybeeithersuperscmicorsubsonic
providedthatthetaperratioisequaltoorlessthanone.A further
restrictiononthesewingsisthattheMachlinesfromeithertipdonot
intersecttheremotetip.Theanalysisisbaseduponlinearizedtheory;
therefore,theresultsaresubjecttotherestrictionsofthistheory.

Theresultsoftheinvestigationwerepresentedintheformof
generalizeddesigncurvesforrapidestimationofthetwostabilityderi-
vatives,therateofchangeoflateralforceand ofyawingmomentwith
roll
more
edge

CYPand hps respectively.Sanespecificvtiiationsofthe
p withMachnumber,aspectratio,leading-importantderivativeCn

sweepangle,andtaperratiowerealsopresented.

LanglWAeronauticalLaboratory
NationalAdvisoryCommitteefor-Aeronautics

LangleyAirForceBase,Vs.,May18,1950

#
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APPENDIX
.

FORMULASFOR Cyp AND (%) 1

Fornnilasaregivenfor Cyp and ~ ~(%)
axeswithitsorigtilocatedattheproj-ect-ion
thetipsectiononthecentersectionforthin
lead5ngandtitig edgesandwithstreamwise
aresupersonicandtheMachlinesfromeither
remotetip.These
arelimitedbythe

.

formulasforthetwocases
followingconditions:

BcotLZl

t

withrespecttothebody
oftheleadingedgeof
taperedwhgswithswept
tips.Theleadingedges..tipdonotintersectthe
5Jlustratedinfigure3

B

and

cot~zl or Bcot~<O
.

2ABA>—
1+1

.
.

CaseI - ForemostMachlinefromcentersectioncutswingtrailing
.

edge.- ForcaseI forwhichtheforemostMachlinefromthecentersec-
~ cutsthe#ringtrailingedge,theequationsfor CYP and ~p ~

()
*

are “
64&%’[9A’(1+X)(m!- 1)- 8xIn~ .

tip =
9n(Aj)2(m’- 1)2(1+A)3

(Al)

(%)1=
-2s6cBlL3ml[AI(l+ X)(ml- 1)- h:]

.

(A2) ,
3n(A1)3(m1- 1)2(1+ k)h

Whentheleadingedgeisstraight(m= ~),equations(Al)and(A2)
reducetothefollowingexpressions:‘

@p =
61@A2~A’(1+ k)- 8x]

9n(A’)2(1 + x)3

●

(A3)
.

I

—.-.. — — -. ——— -. -- -. .— ------- ..——-. --—. -—-— . .. . .. ..-_
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()~pl=.
256axiA3~l(l+x)-x]

3n(A’)3(1 + x)4

U.

(m

CaseII–FomnostMachlinefromcentersectioncutswingtip.-
ForcaseIIforwhichtheforemostMachlinefromthecentersection
cutsthewingtip,theequationsfor Cyp and

(%)
are

1

Cyp= ha

[

-(At)3(~l _
9~(A’)%’ (m’+ 1)2

1)(M1 +6) + “

[

~6m,X3A1(ml + 1) + 3AIm!~(3ml_ 1) 8mI~2
1+X 1](1+X)2-(~+~)3

()Cnp~ = 4aB

[
(A’)4(m’- l)2(2mi+1) +

9TC(A’)3(m’)3(m’+ 1)2

[
16(ml)2A2- 1]3(A’)2(3m’+ 1)_ l@~m’A(3m’- 1)+ 12(m’)2X2

(1+ A)2 (1+X)3 (1+A)4
M)

“ Whentheleadingedgeisstraight(m= m),theexpressionsfor
Cy and
P (%)~jgivenbyeq~tions(As)-d (A6),reducetothesame

correspondingformulasasthoseobtainedpreviouslyforcaseI. Thus,

()
Cyp and &p ~ forcaseIIwhentheleadingedgeisstraightare
@wnby equations(A3)and(Ah),respectively.

--—--—- ---— -.-— -— -- - .— —.--—-—.__.. --- ———
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(a)Notationaud
projection

bodyaxesusedinaaalysis.Originislocatedat
of leadingedgeoftip oncentersection.

*Y

=&=

(b)Stabilitysxes.(Corrwqmndingbodyaxesdashedforcom~ison.)

Figure2.-Systemsofaxes.
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Figure

ratio3.= 0.50.’

4.- Continued.
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00

(a) TaperratioA = 0.25. .

Figure5.- Variationof
(%Q)lP

withsweepback-mgleparsmeterfor

various-aspect-ratioparametersandtaperratios.Derivativeiswith
respecttobodysxeswithoriginatprojectionofleadingedgeoftip

.

oncentersection(fig.2(a)).(Seeequation(8)forconversionto
stabilityaxes.) ,
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5.- Continued.

.

. ~ . --= —. .. .- ..— - —-. — —. .— _ —. —-— -—, . . .



NACATN2156
4

768

-.64-

-.60-

-.56-

-s2-

-48-

()Gp ,

Boz

-.44

-40-

-.36-
,

-.32

-.20-

-.24-

-.20-

-./6

-J2-

-.08

-.CM

20
I I 1 I

‘1234S6
BcofYL “

.

(C) TaperratioX = 0.75-.

Figure5.- Continued.
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(d)TaperratioX = 1.0.

Figure5.- Concluded.
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~gure6.-Illustrativevariationof ~ ! a with &ch nwnber,aspect
PI

ratio,sweepangle,and taperratio. De15vativeLe with reBpect to
8tabfiityexe8with originat leadingedge of centersection.
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